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Theorem. Let X be a finite graph. Then there exists a finite graph Z containing X as an 
induced subgraph, such that every isomorphism between induced subgraphs of X extends to an 
automorphism of Z. 

The graph Z may be required to be edge-transitive. The result implies that for any n, there 
exists a notion of a "generic n-tuple of automorphisms" of the Rado graph R (the random countable 
graph): for almost all automorphisms or1,... ,an andT1,...,~'n of R (in the sense of Balre category), 
(R, or1,... , trn), ~ (R,~'l,...,~'n). The problem arose in a recent paper of Hodges, Hodgkinson, Lascar 
and Shelah, where the theorem is used to prove the small index property for R. 

1. I n t r o d u c t i o n  

The origin of the question is explained here, but none of the notions involved 
are in any way needed for the statement of the theorem. Let Gr be the class of all 
finite graphs, with graph embeddings assumed to preserve edges and non-edges. The 
generic graph is the unique countable graph R satisfying: 

(1) Every element of Gr embeds into R. 
(2) Given embeddings f : M --* N in Gr and g : M --~ R, there exists h : N -* R 

with h f = g .  
This graph (also called the Rado graph or the countable random graph) has the 
property that  it is isomorphic to almost every graph on a countable set of vertices 
(edges chosen independently with probability 1/2) [3]. 

I t  is a result of Fra:/ss@ that  a generic object exists not only for the class Gr,  
but for any similar class of structures closed under substructures and satisfying the 
amalgamation property; see [2] for this story. In particular, one can consider the class 
Gr + of finite graphs F endowed with partial  automorphisms F1, F2, . . .  (isomorphisms 
between induced subgraphs, considered as binary relations on F; it is assumed that  
only finitely many F/ 's  are nonempty on F.) This class satisfies the requirements 
and hence there exists a unique object (R, f l , f 2 , . . . )  satisfying (1), (2) for Gr +. I t  
is easy to see that  the underlying graph of this object is the generic graph. The 
theorem proved here states that  the f i ' s  define locally finite automorphisms of R. 
Note that  uniqueness of (R, f l ,  f2 , . . . )  as a structure is equivalent to the uniqueness of 
the sequence of automorphisms ( f l ,  f2 , . . . )  up to simultaneous conjugacy in Aut (R); 
thus we have defined a certain conjugacy class of sequences of automorphisms of R, 
which could be called mutually generic (see I7]). 

AMS subject classification code (1991): 05 C 25 
1 Work supported by a Sloan Fellowship and by NSF grant DMS-8903378. 



412 EHUD HRUSHOVSKI 

The problem arose initially in investigations of the structure of the group of 
automorphisms of R. The small index conjecture for R states that  a subgroup of 
Ant (R) is of countable index if and only if it contains the stabilizer of a finite set. 
This is proved to be the case in [5] (see also [6]). Mutually generic automorphisms are 
used here, for example, in the following way. If (f l ,  f2 , . . . )  is such a sequence, then 
so is ( fal ,  fa2,." ") for any permutat ion a of {1, 2,.. .}. Hence G-conjugation induces 
the full symmetric group on Y =  { f l , f 2 , . . . } .  Any subset of G intersecting Y in an 
infinite, co-infinite subset must therefore have continuum many conjugates. This is 
used to show (initially) that  any subset of G with less than continuum conjugates 
must be meager or co-meager in the sense of Baire category. 

2. P r o o f  of  T h e o r e m  

We will say that  a family F of subsets of a finite set Y is statistically independent 
if for all distinct A I , . . . , A m , B 1 , . . . , B k  in F c a r d ( A i M . . . M A m - B 1 - . . . - B k ) =  
card (Y).2 - m - k .  For a graph X we use the same letter X to denote its set of vertices, 
and E X to denote the set of edges. X(a)  is the set of vertices of X adjacent to a. 

Claim 1. Every finite graph X can be embedded in a finite graph Y such that 
{Y(a) : a E X} is a statistically independent collection of subsets of Y .  

Proof. We may assume the map a ~-~ X(a)  is one-to-one on X,  since it is easy to 
embed X in a slightly larger graph with this property. Let Y be the set of all subsets 
of X,  and define a graph structure on Y by: 

(Yl,Y2) C E Y i f fy l  = X ( a l )  for some al  E Y2, or Y2 = X(a2) for some a2 E Yl- 

Note that  if Yl = X ( a l )  and Y2 = X(a2),  then al  E Y2 iff a2 E Yl iff (al ,a2)  is an 
edge of X; so X is embedded into Y by the map a~-~a* = X ( a ) .  Moreover Y(a*) - -  
{y : a E y}. So {Y(a*) : a E Y} is clearly statistically independent. 

Let U be the set of isomorphisms between induced subgraphs of X. Let Y be as 
in Claim 1. 

Claim 2. Let f e U. There exists f* E Sym (Y) such that f* extends f ,  and f* [Y(a)] = 
Y[f(a)] for a e d o m ( f ) .  I f  d o m ( f ) = r a n g e ( f )  and f2__ 1 then f* may be chosen so 
that  f*2 = l. : 

Proof. Let D = dora( f ) ,  R = range( f ) .  For any function , : D ~ {0,1} let Dv = 
{ y e Y  : for d e D ,  ( d , y ) e E  Y iff , ( d ) = l } .  Let R ~ = { y E Y  : for d ED ,  (fd,  y ) e E  Y 

iff v(d) -- 1}. By Claim 1, ID~] = IRvl = IY1.2-LDI. Since f is an isomorphism of D 
with R as graphs, ]DMDv[---]RMRvl.  Hence I D v - D  I = ] R v - R I .  Let f* be any 
permutat ion of Y extending f and mapping D~ - D to Rv - R for each v. If D = R 
and f 2 = l ,  then Rv=Dv~,  and it is easy to choose f* with f * 2 = l .  

Choose f* for f E U:in such a way that  f - l ,  = f . - 1 .  Let G be the group of 
permutat ions of Y generated by U* = {f* : f E U}. 

Notation.  f n . . .  f l x  = y (with x, y E Y, f l , . . . ,  fn e U) means: there exist x0 , . . . ,  Xn e 
Y with xo = x, Xn = y, xi e dom (f i+l) ,  and fi+l xi = xi+ 1 for i < n. 

Define a relation ~ on G • X b y  
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(g, x) ~ (g', x I) if there are h l , . . . ,  hn E U with 
(i) h n . . . h l x = x  t 

(ii) g = g ' h * . . . h ~  (in G). 

Claim 3. 
(a) ~ is an equivalence relation on G x Y .  
(b) The action of  G on G x Y given by g(h, x) = (gh, x)  respects ~.  

Proof. Easy. I 

Let Z = G • ]I/~-; by Claim 3 (b) there is an induced action of G on Z. Observe 
that  ff (1, x) ~ (1, y) then there axe h l , . . . ,  hn with hn . . .  h l x  = y and hn . . .  h I = 1; so 
x = y. Thus Y embeds naturally into Z (as a set). Make Z into a graph by letting 
the edges be { (g ,a ) / , . ~ , (g ,b ) /~ ) :  (a,b) is an edge of Y ,  g E G } .  This makes Z into a 
graph, on which G acts by automorphisms, and clearly every element of U extends 
to one of G. We must show that Y is an induced subgraph of Z. Suppose x, y E Y 
and ( ( 1 , x ) / . ~ , ( 1 , y ) / . ~ ) i f  an edge of Z. 
of Y, we have: 

(1,x) 

(1,y) 

Then for some g E G, and some edge (x I, yt) 

(g, x/) 
(g, y') 

So for some h l , . . . , h m  and f l , . . . , f l  in U, 

h m . . .  h l J  = x 

f l . . .  f l y '  = y 

and * * - *.. h m . . . h l = g -  f i . f~.  
Let x o , . . . , X m  E Y be such that xo = x r, Xm = x, x i E dom(hi+l) ,  and 

hi+lXi = X i + l .  Then h*+l[Y(xi)] = Y ( x i + l ) ,  so h * . . . h ~ f Y ( x ' ) ]  = Y(x), hence 
f ~ . . .  f~[Y(x ' )]  = Y (x ) .  Now y' E Y ( x ' ) ,  so f ~ . . .  f~(y ' )  E Y ( x ) .  But f ~ . . .  f~(y ' )  = 
f l . . .  f lY '  = Y, so (x, y) is an edge of Y. This proves that Y is an induced subgraph 
of Z, and finishes the proof of the theorem. I 

3. D i s c u s s i o n  

3.1 A graph X is called edge-transitive (respectively vertex- or flag-transitive) if the 
automorphism group of X is transitive on edges (respectively vertices, or oriented 
edges). The graph Z constructed in the proof of the theorem is clearly flag-transitive. 
This strengthening may also be deduced from the theorem as stated. Let Z'  be any 
graph satisfying the conclusion of the theorem. Observe that any two vertices (edges, 
oriented edges) of X are conjugate under G = Aut (Z'). Let Z be the graph whose 
set of vertices is {gx : x E X ,  g E G} and with E Z = {ge : e E E X ,  g E G}. It is then 
easy to verify that  Z is flag-transitive and satisfies the requirements. 

3.2 Suppose IxI =n.  The present proof yields a graph Z with IZI < (2n2n)!. To see 
this follow the construction of Z: 

(i) In Claim 1, X is replaced by a graph X '  such that  the map a~-*X(a) is one- 
to-one on X' .  This may be done most economically as follows: let U be a set 
of size [log 2 (n)] + 1. Identify the set of vertices of X with a set of subsets of 
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U (disjoint from U), and containing the singleton subsets. Let X I = X  U U, 

and let E X ' = E X U { { x , u }  : u e X } .  Then IX' l=n+[log2(n)]+ l. 

(ii) The graph Y of Claim 1 has size 2] X'l =2n2 n. 
(iii) The group G defined in Claim 2 has size < IY]! = (2n2n)!. G acts transitively 

on Z (or Z may be so modified, as in 3.1) so the same bound holds for Z. 

3.3 It is interesting to ask whether the doubly-exponential bound in 3.2 can be 
reduced. At all events one exponential is required. Let n = 2m, and let X be the 
graph with vertex set { 0 , . . . , n - 1 }  and edges {(i , j)  : i + m < j } .  Any permutation 
of {0,.. . ,m - 1 }  is a partial automorphism of X,  and hence must extend to an 
automorphism of Z. Thus for any subset S of { 0 , . . . , m - 1 }  there must exist an 
element b S of Z whose set of neighbors among {0,.. .  , m - 1 }  is precisely S. Thus Z 
must have cardinality a t  least 2m+ m. 

The same example shows that  the bound 2n2 n on the size of the graph Y in 
Claim 1 cannot be substantially improved. 

To be explicit, one may ask: If: IX I =n,  can Z be found with I ZI < 2cn2? 

3.4 The problem may be generalized by taking the data to be a graph X together 
with a family F of partial automorphisms of X, and seeking a graph Z containing X 
as an induced subgraph, such that every element of F extends to an automorphism 
of Z. If F is the family of all maps on singletons, we are in effect requiring X to 
be embedded in a vertex-transitive graph. In this case the problem was solved with 
some precision in [1] (Theorem 2.4): If g(n) denotes the smallest integer such that  
each graph with n vertices is an induced subgraph of some vertex-transitive graph 
of size g(n), then cn2 / log2n < g(n) < c'n 2 for some constants c, c'. 

3.5 In another direction, we may consider the case where F = {f} consists of a single 
partial automorphism. This case was proved in [7]. Let g*(n) denote the smallest 
integer such that  for each pair (F , f ) ,  where F is a graph with n vertices and f 
is a partial automorphism, there exists a graph F ~ and an automorphism f~ of F ~ 
such that  F I contains F as an induces subgraph, and f / ex t en d s  f .  Let ~3(n) be the 
number-theoretic function defined as follows. Let P = {(1-Ii qi, ~ i  qi) : q l . . .  qr are 
powers of distinct primes}. Let/3(n) = s u p { a ( n -  b) + b : (a, b) e P}. 

Claim. 
a) c(nlogn) 1/2 < log/3(n) < c'(nlog n) 1/2 for some 0 < c < c'. 
b) For large enough n, f i n = c 1  + . . . + C k  + d l  + . . . + d l  and # is the least common 

multiple of  the ci's satiss # > 2dj for each j ,  then ~ ci + l# < ~(n). 

Proof. (a) An easy application of the prime number theorem. (For the upper bound, 
write fi(n) -- a(n - b) + b, a = Hi qi, b-= ~'~i qi; .note that at most (n/log(n)) 1/2 of the 
prime powers qi belong to a prime >__ (nlogn) 1/2, or else n - b  would be negative. For 
the lower bound, consider only primes < (nlogn)l/2; use the maximal power smaller 
than n, which must be >nl /2 . )  

(b) If a prime p occurs in both ci and cj, say it occurs to a greater power in 
cj; then replacing ci by ci/p and I by l+  ( c i -  ci/p) merely increases the bound; so 
we may assume the ci's are powers of distinct primes. Let (a ,b)=  (Yli ci, ~ i  ci). If 
a > 2dj for each j then a = #, so ~ ci + l# = b + la <__ b + (n - b)a < ~(n). Otherwise 
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b < a < 2n so # < 4n and ~ ci + l# < 4n 2 + n. But since n is large enough, there are 
four prime powers q l . . .  q4 between ~ and ( n -  5)/4, so j3(n) _> 2-3"ql . . .  q4 -> 6n 2. 

Lemm~. For large enough n, g*(n)=t3(n). 

Proof. First let f be a partial permutation of a set X of size n. Consider (X, f )  as a 
graph, with x, f (x)  adjacent; a connected component is either a cycle or a "segment". 
Define # = #(X, f )  to be the least integer such that every cycle of (X, f )  has order 
dividing p, and every segment has size < #/2.  Let Z be a set containing X and g a 
permutation of Z extending f ,  such that: 

( .)  every segment of (X , f )  is contained in a cycle of (Z,g) of size #; and every 
cycle of (Z,g) is a cycle of (X, f ) ,  or contains a unique segment of (X , f ) .  

Note that  the size of Z is ~ ci + l#, where the ci's are the sizes of the cycles of 
(X , f )  and l is the number of segments; so by (b) above IZI <i3(n). 

Now suppose X also has a graph structure E X, so that f is a partial automor- 
phism of (X, EX). Define a graph structure on Z as follows: {x,y} e E  z iff for some 
integer j ,  {gJx,gJy} E E X. Clearly g is an automorphism of Z. To see that X is 
an induced subgraph of Z, let x, y E X  and suppose {gJz,gJy} EEX; we must show 
{x,y} EE z .  Note that  g~ is the identity on Z, so we may choose j with IJl-< (#/2). 
For definiteness say j is nonnegative, x, gJx lie in the same component Cz of (Z,g), 
and hence by ( .)  in the same component C X of (X, f ) .  Suppose first Cx is a seg- 
ment. It has length < (#/2),  so C X (3 {gx,... ,gJx} has size < ( # / 2 ) + j -  1 < #. Thus 
Cx U{gx,.. . ,gJx} ~ Cz. However the two subsets C X and {x ,gx , . . . ,gJx}  of the cy- 
cle C Z are connected and meet in two points x, gJx, so they must go the same way 
around; i.e. {x,gx, . . . ,gJx} C Cx. Thus g i x E X  for i< j, so f i x  is defined for i <_j. 
If C X is not a segment it is a cycle, in which case f i x  is defined for all i. Similarly 
f ly  is defined for i < j. Since { f ix ,  f l y}  = {gJx,gJy} E E x we have {x,y} E E X as 
required. This shows that g*(n)< 13(n). 

For the other inequality, define a graph X of size n as follows. Let fl(n) = 
a ( n -  b) + b, (a, b) = (~i  qi, ~ i  qi), ql < . . .  < qr powers of distinct primes. As a set 
X will consist of disjoint subsets Ci of size qi and (n - b) additional points ej. For 
i < r choose a i E Ci; also choose ar,1,...,ar,n_b in Cr (it is easy to see that qr > 

(n-b) . )  Let E X={{a i , e i }  : i < r , j = l , . . . , n - b } U { { a r , k , e j }  : k < j } .  Thus 
ej is adjacent to a unique point of C i for i < r, and to exactly j points-of Cr. Let 
f be a permutation of UiCi defining a cycle of order qi on each Ci, with f(ar,k) = 
at,k+ 1. If (Z,g) is a graph containing X as an induced subgraph, together with an 

automorphism g extending f ,  then g leaves each C i invariant. In particular gk(ej) 
is adjacent to exactly j points of Cr; so ej, ej, are in distinct g-orbits if j ~ j l .  The 

g-orbit of ej must have size m(j) divisible by each qi, since gm(J)ej = ej, so ej is 

adjacent to fm(J)a i and hence fm(J)(ai)=hi. Similarly ej is adjacent to gm(J)er, k 
for each k < j ,  and it follows that gm(J)er, 1 = er,1. Thus qi divides m(j) for each j ,  
so a<m(j) .  Hence IZ l=~iq i  + ~ jm( j )>b+(n -b )a=/3 (n ) ,  as required. 

3.6 In the case of a single automorphism, the construction of 3.5 goes through 
for hypergraphs or other relational structures. Is the theorem also valid in this 
generality? 
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